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SOME APPLICATIONS OF A PROGRAMMING LANGUAGE 

I. SUMMARY 

APL is a programming language specifically designed for applied mathe- 
matics. It differs from other programming languages which are commonly used 
in that it is more concise, precise, and economical of symbols. In this paper 
is shown the APL language for some commonly used transcendental functions. 
Several improvements of APL are required for such things as program struc- 
turing, access to data, presentation of data, i.e., input/output operations and 
data operations. However, it is felt that this paper gives some indication of the 
usefulness of APL if one approaches it openmindedly. 

- -  A Programming - Language, APL is used for certain applications such as: 

1. Trigonometric functions and Solution of Kepler's Equation 

2. Harmonic Analysis 

3. Matrix Operations 

The areas of application are chosen primarily for their intrinsic interest 
to the Mission Trajectory Determination Branch and to indicate the usefulness 
of the language for Mission Trajectory Determination applications. 

11. TRIGONOMETRIC FUNCTIONS 

The APL language for computing the Arc cosine, A r c  sine, Arc tangent 
(principal values) , Arc tangent (quadrant oriented) Sine and Cosine a r e  presented 
in Part A. The algorithm for all these computations except for the Arc tangent 
(principal values) a re  from reference 2. The algorithm for the Arc tangent 
(principal values) is presented in the Appendix. Part B is a program which 
computes the sine and cosine of several groups of data which are typical of some 
data used in the Mission Trajectory Determination Branch. The program along 
with the flow chart and the output of the program is presented. 

1 



PART A 

1. Arc Cosine, Arc Sine 

2. Arc tangent (principal values) 

3. Arc tangent (quadrant oriented) 

4. Sine, Cosine 

5. Solution of Kepler's Equation 

2 
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Q = R Arcsincos A, 1 

Input: R, two element vector, if first element = 1 compute arcsin, if 
first element = 0 compute arcos; if second element = 1 answer 
in degrees, if second element = 0 answer in radians 

A, given sine o r  cosine 

Output: Q, computed angle in degrees o r  radians 

ENTER 0 

INCORRECT 
FUNCTION 

RETURN 0 COMPUTE F(X) P- 
4 



I x = -x I SIGN= -SIGN 
1-1 lT Q = - - Q  I 2 + -T- ti COMPUTE F(X) 

n 
I Q1 = ( ; - r X  F(X)) 

x SIGN 

5 
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+ YES 

3 of 3 

- 
RADIANS 

TO DEGREES 
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B -ATAN A 

- 

Input: A - tangent of unknown angle 

Output: B - value of angle in radians 

GET NEAREST STORED 
ANGLE WHOSE ARGUMENT 
IS SMALLER IN MAGNITUDE 

THAN PRESENT ANGLE 

n 

GET ARGUMENT OF 
ANGLE SUBTENDED 

BETWEEN TABLE ANGLE 
AND PRESENT ANGLE 

TABLE VALUE? 

PUT GENERATED 
VALUE IN 

POLYNOMIAL SERIES 

SUM OF TABLE 
AND POLYNOMIAL 

P 
RETURN P o  

RETURN 
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c -AQtanB,  3 

Computes angle C (quadrant oriented) given A = sin C and B = cos C 

9 
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4 E = 6.2831853 

NO, > NO, < 

YES 

7 
C = E -.78539816 

3 of 3 
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V Q T A  N CUI V 
V C4A QTAN B 

C1I De( [ A ) - (  [ B )  
c 2 1  + ( B = 0 ) / 1 7  
C31 + ( B < 0 ) / 2 5  
C 4 1  + ( A = 0 ) / 2 1  
C 5 l  + ( A < 0 ) / 3 5  
C 6 l  E t 0  
c 7 1  + ( D = 0 ) / 1 2  
C81 +(D<0)/14 
C 9 1  F+ATAN( B I A )  
[ 1 0  1 C + l  . 5  7 0  7 96  3 -F 
c111 +o 
C121 C t 0 . 7 8 5 3 9 8 1 6 t E  
C131 +O 
C 1 4  1 F+ATAN( A I B  
C151 C c F t E  
C161 +O 
c 1 7 1  + ( A = 0 ) / 2 1  
C181 + ( A < 0 ) / 2 3  
C191 C c l . 5 7 0 7 9 6 3  
c 2 0 1  +o 
c 2 1 1  C+O 
c 2 2 1  +o 
C 2 3 1  C 4 4 . 7 1 2 3 8 9  
C 2 4 1  +O 
C251 + ( A = 0 ) / 4 1  
C261 + ( A < O ) / 4 3  
C271 E t 3 . 1 4 1 5 9 2 6  
C281 + ( D = 0 ) / 3 3  
C291 + ( D < 0 ) / 1 4  
C 30 1 

C321 +O 

C341 +O 
C351 E c 6 . 2 8 3 1 8 5 3  
C361 + ( D = 0 ) / 3 9  
C371 + ( D < 0 ) / 1 4  
C381 +30 

c 4 0 1  +o 
c 4 1 1  C t 3 . 1 4 1 5 9 2 6  
C421 +O 

C441 +7 
V 

F+ATAN( B + A  
C311 C + - 1 . 5 7 0 7 9 6 3 - F  

C331 C + E - 0 . 7 8 5 3 9 8 1 6  

c 3 9 1  C + E - 0 . 4 8 5 3 9 8 1 6  

L431 Ec3.1415926 
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R Sincos A, 4 

R = 2 element vector, A = Swngle, a ,  O<a<277 

1st element = 1 compute sine, 1st element = 0 compute cosirie, 2nd 
element = 1, a in degrees, 2nd element = 0,  a in radians 

14 
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P 
COMPUTE 

SINE OR COSINE 
OF a 

BY HASTING ' S A RETURN 

3 of 3 
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Solution of Kepler's Equation, 5 

Input i s  EC = eccentricity 

Output is E = Eccentric anomaly 

M =Meananomaly 

Input is EC = eccentricity 

Output is F = True anomaly 

E = Eccentric anomaly 

17 



PART B 

A program to compute the sine and cosine of some angles using APL 

18 



A-B NTRIGROUT A 

Input: B is a vector whose first two components are  the satellite's 
International Number, third component is the number of bulletins, fourth com- 
ponent is number of angles, and component 5 thru n are bulletin 
numbers. 

A is a matrix of angles. 

Output: Z is a matrix, whose first column is bulletin numbers, second 
column is angle Ai, third and fourth columns are sin Ai and cos Ai respectively, 
fifth column is Ai+l ,  and sixth and seventh columns a re  sin Ai+l and cos Ai+l 
respectively. 

INTERNATIONAL 

FORM MATRIX OF 
A2 SIN A2COS A2 
A ,  SIN AICOS A i  

FIRST 
HEADING 

1 o f 2  

19 



v 

FORM MATRIX OF FORM MATRIX OF 
A14 SIN A14 COS A14 

THIRD 
HEADING 

W 

2 of 2 

20 



m 
W 

I .  
m 
d 
s: 

f 
N 

m 
d 
s: 
2 
h 
Q 

N 
T 

In 
d' 
T 

f 
T4 
9: 

2 
h 
L3 
Iq 

nr( 
f +  

D 
I In n'n n n 

mnnnnnnnno d(N m S 
- 4 c Y m t m w l . w c n d d d d d  
u u d u u u u u u u u u u u  

P 
nnnnnn 
d N D S u ) ( D  
. ) m m m m V l  

U L  uuuu 

21 



B N T R I G R O U T  A 
1 9 6 4  301 

BL"M 

4 2  
4 4  
45  
4 6  
4 7  
4 8  
4 9  
5 0  
5 1  
5 2  

A2 SINA~ COS4 2 

1 3 4 . 5 8 1 2  0 . 7 1 2 7 5 6 4 0 0 9  - 0 . 7 0 1 9 1 9 3 8 5 7  
0 . 2 2 3 7 0 0 9 3 2  1 0 2 . 9 2 6 5  0 . 9 7 4 6 5 1 8 3 9 7  

9 1 . 8 9 1 4  0 . 3 9 9 4 5 5 1 7 8 6  - 0 . 0 3 3 0 0 5 1 6 2 2 2  
7 3 . 6 0 2 4  0 . 9 5 4 3 2 5 8 0 7 4  0 . 2 8 2 3 0 1 7 7 4 7  
5 3 . 4 3 4 3  0 . 8 0 3 1 7 4 2 5 6 8  0 . 5 9 5 7 4 4 1 6 7 8  
2 5 . 8 5 8 3  0 . 9 3 6 1 4 6 9 7 6 9  0 . 8 3 9 8 7 5 4 4 7 9  

0 . 0 - 5 5  0 . 0 0 1 3 1 7 7 2 3 2 0 4  0 . 3 9 9 9 9 9 1 3 6 6  
14.1104 - 0 . 2 4 3 7 9 1 0 5 4 5  0 . 9 6 3 8 2 7 7 8 6 2  

5 3 . 6 1 7 2  
2 1 . 7 9 1 1  
9.8366 

- 8 . 2 9 3 8  
- 2 8 . 6 4 6 9  
- 5 6 . 6 1 2 3  
- 8 2 . 5 0 5 5  
2 6 3 . 0 5 5 6  
2 9 1 . 5 9 8 1  

2 2 9 . 3 8 8  
2 1 4 . 1 9 3 2  
195.3669 
1 7 9 . 5 4 6 3  
1 6 5 . 4 5 8 6  
1 4 5 . 1 2 4 2  
1 3 2 . 6 7 7 1  

9 9 . 0 3 7 8  

i . 8 0 5 0 7 1 9 0 2 1  
0 . 3 7 1 2 2 3 6 0 8 6  
0 . 1 7 0 8 3 8 9 3 4 1  

- 0 . 1 4 4 2 4 9 1 2 3 4  
- 0 . 4 7 9 4 1 0 3 8 3 6  
- 0 . 8 3 4 9 6 6 0 1 7 4  
- 0 . 9 9 1 4 5 7 3 8 5 2  
- 0 . 9 4 2 6 6 3 9 4 4 7  
- 0 . 9 2 9 7 8 8 6 9 7 8  
- 0 . 7 5 9 1 3 4 9 9 2 6  

0 . 5 9 3 1 7 7 2 3 8 2  
0 . 9 2 8 5 4 3 5 0 6 7  
0 . 9 8 5 2 9 8 9 7 1 5  
0 . 9 8 9 5 4 1 4 0 4 1  
0 . 8 7 7 5 9 0 8 4 3 8  
0 . 5 5 0 3 0 1 5 1 1 1  

0 . 1 3 0 4 3 1 0 2  
- 0 . 1 2 0 9 0 6 1 1 6 5  

0 . 3 6 8 0 9 3 7 2 3 1  
- 0 . 6 5 0 9 3 3 2 2 7 9  
- 0 . 8 2 7 1 4 7 2 7 6 4  
- 0 . 9 6 4 2 4 8 6 6 3 1  
- 0 . 9 9 9 9 6 8 6 5 1 1  
- 0 . 9 6 7 9 6 6 4 7 8 1  
- 0 . 8 2 0 3 9 3 4 5 8 3  
- 0 . 6 7 7 8 6 5 8 8 7 4  
- 0 . 1 5 7 0 8 6 0 4 3 5  

0 . 4 8 9 5 4 2 2 6 3 5  
0 . 6 4 4 9 6 2 9 8 5 1  
0 . 7 4 8 6 8 7 3 5 3 8  
0 . 8 3 2 7 1 0 2 7 8 2  

2 7 . 4 6 5 1  
4 6 . 5 8 4 2  
6 2 . 2 0 1 6  
8 1 . 0 0 0 1  

2 6 3 . 9 5 5 7  
2 4 9 . 8 6 4  - 0 . 9 3 8 8 7 8 1 4 4 8  

2 2 9 . 7 0 3 2  I O . 7 6 2 7 0 4 4 5 1 7  - 0 . 6 4 6 7 4 1 1 8 6 7  
2 1 7 . 4 3 8 9  0 . 6 0 7 9 1 5 0 5 8 6  - 0 . 7 9 4 0 0 2 0 6 8 8  
1 8 3 . 4 4 3 2  0 . 0 6 0 0 5 9 0 1 1 7 5  - 0 , 9 9 8 1 9 4 8 2 3 6  
1 4 6 . 6 0 2 5  0 . 5 5 0 4 4 4 3 1 7 6  - 0 . 8 3 4 8 7 1 R 8 0 3  
1 3 5 . 8 9 8 3  0 . 6 9 5 9 3 4 1 0 5 6  - 0 . 7 1 8 1 0 5 6 5 0 5  
1 2 7 . 7 7 5 4  0 . 7 9 0 4 1 8 0 9 0 7  - 0 . 6 1 2 5 6 1 7 4 7 7  
1 2 2 . 5 6 4 1  0 . 8 4 2 7 8 9 8 0 3 7  - 0 . 5 3 8 2 4 2 8 2 6 3  

0 . 8 8 7 2 9 1 9 2 3 7  
0 . 6 8 7 2 8 1 8 4 8 8  
0 . 4 6 6 3 6 1 3 4 2 7  
0 . 1 5 6 4 3 2 7 9 1 6  

- 0 . 1 0 5 2 9 7 3 7 7 4  
- 0 . 3 4 4 2 4 9 6 7 9 8  

53 
54 
5 5  
5 6  
5 7  
58 
5 9  

0 . 7 3 5 1 8 5 5 8 4 2  

0 . 8 7 1 9 7 3 5 7 3 6  
0 . 7 6 4 2 1 3 8 1 3  

0 . 6 6 2 9 2 3 2 6 1 5  
0 . 5 9 6 3 6 9 1 9 1 6  

0 .  g e 7 5 8 4 9 2 1 6  
6 1  
62 
6? 
6 4  

6 0 . 6 8 9 5  
4 9 . 8 3 7 1  
4 1 .  5 2 3 2  
3 6 . 6 1 0 3  

B L T N  

4 2  
u 4  
4 5  
46 
4 7  
4 8  
4 9  
5 0  
5 1  
52 
5 3  

A 1 5  S I N A l 5  COS4 1 5  A 1 3  S I N 4 1 3  COSA 1 3  

107.23.. 0 . 9 5 5 1 0 0 6 5 5 8  C.2CL?F:5.?* 
4 3 . 5 8 2 2  0 .6693 ! *5353  0 . 7 ? s 3 € c O l C  
1 9 . 6 7 3 2  C . 9  - 1 6 :  6 1 I 3 5  C . 3  3 6  6 5 L. 8 5 3 

1 4 7 . 2 0 4 8  0 . 5 4 1 6 3 7 7 9 9 4  - 0 . 8 4 0 6 1 1 9 8 1 1  
106.8686 0 . 9 5 6 9 7 2 7 6 1 4  0 . 2 9 0 1 7 7 7 8 6  

51 .7166  0 . 7 8 4 9 5 5 9 0 1 9  0 . 6 1 9 5 5 1 6 4 1  
0 . 1 5 1  0 . 0 0 2 6 3 5 4 4 4 1 2  0 . 9 9 9 9 4 6 5 3 1 6  

- 2 8 . 2 2 0 8  - 0 . 4 7 2 8 7 0 6 7 6 8  0 . 8 8 1 1 3 1 8 4 5  
5 4 . 9 3 0 2  - 0 . 8 1 8 4 5 2 6 8 1 5  - 0 . 5 7 4 5 7 3 9 3 9 1  
93.1684 - 0 . 9 9 8 4 7 1 3 9 4 7  0 . 0 5 5 2 7 0 8 3 2 4 5  

-124.4032 0 . 8 2 5 0 8 1 9 2 1 8  0 . 5 6 5 0 1 3 0 9 0 6  

- 1 6 . 5 8 7 6  :0 .2854809615  0 . 3 5 8 3 8 4 3 8 7 9  
- S 7 . 2 9 3 8  0 . 8 4 1 4 5 2 3 1 6 1  - 0 . 5 4 0 3 3 1 3 8 2 7  

0 . 9 1 8 9 6 6 1 1 9  0 . 3 9 4 3 3 6 5 0 8 6  
0 . 2 5 8 6 3 3 5 9 7 3  
0 . 2 4 0 0 3 8 2 9 6 2  

- 0 . 6 8 4 4 9 8 7 5 2 5  
4 5 8 . 7 7 6  0 . 9 8 8 2 9 2 3 7 3 6  

4 2 8 . 3 8 6 4  0 . 9 2 9 6 8 9 0 8 1 1  
3 9 0 . 7 3 3 8  0 . 5 1 1 0 5 0 0 7 0 7  
3 5 9 . 0 9 2 6  - 0 . 0 1 5 8 3 6 4 5 5 6 5  
3 3 0 . 9 1 7 2  0 , 4 8 6 0 7 3 0 6  
2 9 0 . 2 4 8 4  0 . 9 3 8 2 0 1 0 0 6 8  
2 6 5 . 3 5 4 2  - 0 . 9 9 6 7 1 4 4 4 7 6  
1 9 8 . 0 7 5 6  - 0 , 3 1 0 2 7 1 6 1 6 7  

1 2 1 . 3 7 9  0 , 8 5 3 7 4 1 6 9 9  
9 9 . 6 7 4 2  0 . 9 8 5 7 7 9 ' 2 4 1 1  
8 3 . 0 4 6 4  0 . 3 9 2 6 4 4 5 1 7 9  
7 3 . 2 2 0 6  0.95742233505 

1 1 3 . 2 2 4 6  
1 6 5 . 0 1 1  

5 2 6 . 1 1 1 2  
5 8 3 . 1 9 6 2  

0 . 9 6 5 9 7 5 5 0 5  
0 , 9 7 0 7 6 3 4 2 6  

0 . 7 2 9 0 1 4 0 3 4 4  
- 0 . 1 5 2 5 7 1 8 6 5 1  

0 . 9 6 5 9 7 5 5 0 5  
0 , 9 7 0 7 6 3 4 2 6  

0 . 7 2 9 0 1 4 0 3 4 4  
- 0 . 1 5 2 5 7 1 8 6 5 1  

0 . 3 6 8 5 4 5 2 4 1 7  
0 . 8 5 9 5 5 0 9 4 1 1  
0 . 9 9 9 8 7 4 5 9 6 1  
0 . 8 7 3 9 1 8 1 7 9 8  
0 . 3 4 6 0 9 0 8 6 0 5  

0 1 0 8 0 9 9 5 6 8 4 6 6  
0 . 9 5 0 6 4 7 3 5 7  

- 0 . 5 2 0 6 9 6 7 5 9 3  
- 0 . 1 6 8 0 4 5 5 0 5 6  

0 . 1 2 1 0 6 5 5 C 7 3  
0 . 2 8 8 6 8 7 5 8 7 5  

5 4  
55 
56 
5 7  
5 8  

.~ ~ . ~~ 

- : 6 2 . c c :  - 0 . ? ? 8 ~ 8 ? 7 9 8 2  - 0 . 9 : : ' 3 6 7 3 ~ 9 2  
5 2 7 . 3 1 1 b  0 . 2 3 5 - 2 - 0 2 1 3  0 . 9 7 7 8 2 - 9 2 7 5  

- 9 9 . 7 7 8  0 . 6 S 6 4 1 7 3 0 3 5  - 0 . 7 6 2 9 8 4 3 1 2 9  
- 5 9 . 4 C 6 -  0 . 9 8 6 5 5 5 9 1 5 1  - 3 . 1 6 3 4 3 F 1 5 2 9  
- 3 * . 6 7 7 8  C . 9 6 5 3 7 1 6 2 6 7  0 . 2 6 C 8 7 8 5 7 5 6  

59 
61 
6 2  
63 
64 

3 6 6 . 8 8 6 4  0 . 1 1 9 9 0 1 1 8  0 . 9 9 2 7 8 5 8 2 8 1  
2 9 3 . 2 0 5  0 . 9 1 9 1 0 0 9 6 1 7  0 . 3 9 4 0 2 2 1 2 1 4  

2 7 1 . - 1 6 6  -C.9?95C8*202 0 :C313114-709  
7 6 5 . 5 5 0 6  C . ~ 6 6 3 6 5 2 6 0 1  - 0 . 2 ~ 9 5 2 1 5 2 1  
2 - 5 . 1 2 8 2  C .9C7251133L  O . * i 3 5 8 9 ? ? 5  

A 1 6  S I N A l 6  COSA 16 B L T N  

42  
4 4  
4 5  
4 6  
k 7  
4 8  
4 9  

A 1  4 SINAI4 cosa 1 4  

. ^  A > 0 . : 3 c j -  ' C . 1 7 7 5 5 7 2 5 6 b  -C.98' .2CC5555 

12.. 7 1 7  6 C .8 7 19 E 9 1 ? '17 :O . C 6 3 5 ? 2 C .. F 1 
1 C 1. ' 2 2 C .9 7 9 1 2 3 5 (> 7 7 C . 2  0 3 26  5 5 ! 0- 
55.3C86 C . 3 3 8 5 7 0 5 3 1 2  O.- :77?C7076 
2 ~ . 7 ! 2 7 - .  C .s :9257 .~57  -:. 5 1 1 ? 5 3 C FI 7 8 3 0 . 7  '>. 

'a2..3 c .93128 .65 ic  

722.:;) C .67 .853258  
: 8 3.2C 3 6  3 . 3  5 5e6 7 7 2 7 ? 7  
1 5 1 . 0 1 1 6  0.*69E3:OC5- 

z 3 . 3 2 ;  '. . ?935758C ' .  
55.7;zr 3 . 8 : : ; 6 8 5 3 . 7  
1 L.. E : 7 4 r? . 2  5 5 ?IC E C 8 - 5 

z-a.3.:i ' 5 . " ? 3 3 : - ? . ' 3  

: 1 . . 3 ~ c a  ~ . 9 1 0 4 7 ? 6 ~ 3 9  

35c . :  : 5 'c. 1 7 : € 5 3 4 ? 1 6  
282 . -6 :  ' : . 9765677329  
207 .29 ;  ' C . * 5 9 5 2 5 4 8 C 3  

?85 .735 .  0.09993..5;7.6 
: E ? . i S i . €  0 . 1 8 5 6 9 0 6 7 5 7  
1 5  7 .17  -- 0 . 3  5 5 5 7 i c 1 .. 1 

'7 .8731  
7 3 . 0 1 1 6  
9 4 . 1 6 2 4  
2 2 9 . 1 0 1  

1 8 8 . 9 4 9 8  

- 0 . 1 3 6 9 7 9 4 9 3 3  
- 0 . 9 5 6 3 6 3 9 3 6 4  
- 0 . 9 9 7 3 6 2 3 1 9 9  
- 0 . 7 5 5 8 6 4 8 9 6 3  
- 0 . 1 5 5 5 6 9 0 3 7 1  

0 . 7 1 7 0 6 6 3 3 9 2  
0 . 9 9 1 9 6 5 2 5 1 6  
C . 8 1 5 2 6 1 2 2 9 4  

- 0 . 4 6 9 5 7 3 2 7 2 7  

0 . 9 9 0 5 7 3 8 8 2 8  
0 . 2 9 2 1 7 8 0 8 6 9  

- 0 . 0 7 2 5 8 3 6 9 9 9 9  
- 0 . 6 5 4 7 2 7 6 2 4 9  

0 . 9 8 7 8 2 5 0 2 3 3  
- 0 . 6 9 7 0 0 4 9 2 8 1  

0 . 1 2 6 5 1 0 6 1 0 6  
0 . 5 7 9 0 9 3 3 6 9 9  

0.9R61684024 
0 . 8 8 2 8 9 3 5 o e 3  

0 . 9 0 7 8 6 9 7 0 1 6  
0 . 8 5 3 3 7 0 7 1 3 7  
0 . 1 3 1 7 3 7 3 7 3 1  

- 0 . 3 5 9 2 6 0 7 C 2 E  
- 0 . 7 4 1 5 8 9 5 8 0 3  
- 0 . 9 9 8 4 3 7 0 5 5 2  

- 0 . 4 1 2 5 7 6 6 6 9 4  
0 . 1 1 3 1 6 8 5 3 1 6  

0 . 5 6 8 9 5 5 1 3 4  
0 . 9 6 6 7 0 1 1 2 5 5  

- 0 . 8 8 2 8 7 8 7 5 5 8  

1 3 4 . 1 8 7 2  
8 2 . 7 3 2  

5 4 . 6 1 3 2  
3 3 1 . 9 9 3 4  

- 9 . 5 4 0 6  
-40 .798  
7 8 . 3 6 7 2  

2 2 4 . 1 3 3 4  
1 8 3 . 9 8 5 4  
1 5 9 . 6 3 9 6  

9 1 . 2 9 1 8  
1 9 . 1 1 8  

- 2 . 1 4 2 2  
- 1 8 . 1 9 7  
- 2 8 . 9 1 8  

2 5 2 . 3 2 0 8  

5 0  
51 5 2  

- 0 , 1 6 5 7 4 6 4 5 0 4  
- 0 . 6 5 3 3 9 4 1 8 2 9  
- 0 . 9 7 9 4 5 3 9 8 2 9  

- 0 . 9 5 2 7 7 1 7 9 8  

5 3  
5 4  
5 5  
5 6  - 0 . 6 9 6 3 3 1 3 0 4 9  

- 0 . 0 6 9 5 0 2 2 7 4 1 5  
0 , 3 4 7 9 2 + 1 6 4 2  ' 0 . 9 3 7 5 7 2 6 8 7  
0 . 3 9 9 7 4 5 8 4 5 2  0 . 0 2 2 5 4 4 2 5 3 1 7  
0 . 3 2 7 5 1 4 7 4 9 8  0 . 9 9 4 8 4 6 0 7 3 4  

57 
58 
59 
61 6 2  

0 . 9 8 5 1 5 7 3 0 1 7  
0 . 2 1 6 1 1 5 8 5 0 9  

- 0 . 8 8 8 6 8 1 2 6 4 5  
- 0 . 9 9 4 9 9 4 0 1 2 1  

0 . 9 8 2 6 0 8 2 6 3  

. . ~ ~  ~ 

- 0 . 0 3 7 3 7 9 7 3 2 9 9  
- 0 . 3 1 2 2 8 5 1 7 9 9  
- 0 . 4 8 3 5 5 7 3 9 9 6  

0 . 9 9 9 3 0 1 1 3 0 4  
0 , 9 4 9 9 8 8 4 1 0 7  
0 . 8 7 5 3 1 2 6 5 6 2  

6 3  
6 4  - 0 . 9 3 4 6 6 6 9 2 5 2  

22 



III. HARMONIC ANALYSIS 

The algorithm used here is presented in reference 3. The number of 
ordinates, i. e., the number of divisions in the interval, can be either 12 or  24. 

23 



Harmonic Analysis - Comp Harm Y 

Input: Comp = 12 or  24 designating number of ordinates 
Y = 12 or  24 component vector 

ENTER 0 
INCORRECT - ORDINATE 

INPUT 
- N O  

COMPUTE 
CONSTANTS 

A,, . . I A7 

CALCULATED 
A' s 

INCORRECT 

NO 

COMPUTE 
CONSTANTS 

B l ,  . * . I 8, 

I 
A =  A,B LT-l 

CALCULATED 
B' s 

INCORRECT 

NO 

RETURN 0 
24 
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COMPUTE 
CONSTANTS 

A11 I A,, 

c 

i 

COMPUTE 
CONSTANTS 

B11 I B l l  

A = A ,  B 7 e-@ V[2] = F(B'S)? 

:I: RETURN 

2 of 2 
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V 
c11 
c 2 1  
C31  
C U I  
C 5 l  
C61 
c 7 1  
C 8 l  
C 9 l  
C I O l  
1 1 1 1  
1 1 2 3  
[ I 3 1  
c 1 4 1  
[ I 5 1  
C 1 6 1  
c 1 7 1  
C l81  

C 2 0 l  
c 2 1 1  
1 2 2 1  
C 2 3 1  
1 2 4 1  
1 2 5 1  
C 2 6 1  
c 2 7 1  
1 2 8 1  
1 2 9 1  
1 3 0 1  
1 3 1 1  
1 3 2 1  
1 3 3 1  
1 3 U l  
1 3 5 1  

[ I 9 1  

A 
VHARMCCIV 
A*COMP HARM Y 
+ ( C O M P = 1 2 ) / 5  
*( COMP=24 1/43 
'INCORRECT ORDINATE INPUT'  
*O 
A-700 
B*50O 
J-YCl  2 3 4 5 6 1  
K * Y C 7  1 2  11 1 0  9 81 
U-.J+K . .  
V-J-K 
C*UCl 2 3 1  
D+UCU 6 51 
RtC+O 

*O 
'CALCULATED A  S INCORRFCT' 
*O 
'CALCULATED B S I ICORRECT'  
*O 
A-1300 
B * l l p O  
J + Y C l  2  3 4 5 6 7 8 9 IO 11 1 2 3  
K * Y [ 1 3  2U 2 3  2 2  2 1  2 0  1 9  I 8  1 7  16 1 5  I S ]  
U-JIK 
Y*J-K 
Cl+UCI  2 3 4 5 6 1  
D I - U C l  1 2  11 1 0  9 8 1  
R*CI+DI 
S*Cl -DI  
Fl*YC? 3 4 5 6 1  
F I*V[12  11 10 9 8 1  
P * F l + F l  
P * E I - F l  
Rl*RCl 2 3 1  
R2+RCu 6 5 1  
L-RI t R 2  
M-Rl-R? 
ai+oci 2 1  
a2*0[5 11 
c - a i t a  
H-oi-az 
E*LC 21+LC 31 
F-LC2l -LC31  
C*HC 1 l + X [ 2 1  

CO- 0 1 SINCOS 1 5  
SI+ 1 1 S I l i C O S  1 5  

O+HC 11-HC21  



IV. MAT= OPERATIONS 

At the time of this writing the matrix operations for APL had not been 
implemented. These programs, 1. INV (Matrix Inverse) and 2. TRANS (Matrix 
Transpose), show applications with. existing operations. The Matrix Inverse 
should be especially noted for its conciseness when compared with other 
languages. 
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RB-InvRA 

Input: RA, square matrix 

Output: RB, inverse of RA found by calculations in place 

ENTER 0 
I"' 

YES NO 
DIAGONAL TERM INVERSE 

FORM A COLUMN 
OF IDENTITY MATRIX 

I 1 REORGANIZE 
INVERSE 

:j RETURN 
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B Ill v c c11 v 
P l?B+IfJV RA;RK;RS;RP;RI 

C11 -+((2=ppRA)~=/pRA)p4 
I: 2 I ' I N C O R R E C T  MATRIX DIMKI'JSIONS' 
C 3 1  -+O 
C41 RK+L/pRA 
L 5 1  HS+RK 
C G I RPciRK 
C 7 1  RA+HAL;(tRS),lI 
C 8 1 
C 9 1 
ClOI HPCl,RII+RPCRI,11 
C i 1 J 
C 1 2 J 
C13 3 
C i 4 1 
C 1 5 1 
C l G l  RP+RPl 1tHSI 1NS1 
1171 KK+RK-l 
Ll S I  + ( R k ' > O ) p 8  
C191 l?B+RA I: ; R P i  t R S 1  
c201 -+o 
C 21 1 ' I10 I f lVKRSF: '  
c 2 2 1  - to 

RA C ; 1 +RSl+HSal 
NI+( I NAC I R K ;  11 ) i r / I X A  I: I R K ;  11 

RA C i ,HI ; 11?Sl+llA Lir'I, 1 ; I HSI 
-+( ( 5E-10 ) > 1 R A  C 1 ; 1 1 p 2 1 
HAC 1 ; l+RAC 1 ; I IRA[ 1 ; 1 I 
RA+HA - ( ( -RSn 1 ) x H A  C ; 1 1 ) 0 . x R A  [ 1 ; I 
RA + H A  I 1 +RS I I 12s ; ( 1 + 1 HS , 1 1 

V 
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Z - Trans A 

Input: A, any dimensioned matrix 

Output: Z, transpose of A 

[Zji ]= [Aii] 



VTRANSCUIV 
V Z+TRANS A ; I ; J  

C 11 I + p A  

C3l J+l 
C41 ZCJ;l+AC;JI 
C 5 1 

c 2 1  Z+lC2 l l p 0  

-t (IC 2 l r J+J t  1 1 /4 
0 

A+5 613130 

A 

1 2 3 4  
7 8 9 1 0  

13  1 4  1 5  1 6  
1 9  2 0  2 1  2 2  
2 5  2 6  27 2 8  

TRANS A 

1 7 13  1 9  
2 8 1 4  2 0  
3 9 1 5  2 1  
4 1 0  1 6  2 2  
5 11 1 7  2 3  
6 1 2  1 8  2 4  

5 6  
11 1 2  
1 7  1 8  
2 3  2 4  
2 9  3 0  

2 5  
2 6  
2 7  
2 8  
2 9  
3 0  
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V. APPENDIX 

On A Method of Computing Tan'' x for Double Precision 

The evaluation of Arctangent x, in this method, is accomplished by a com- 
bination of "table look-upvl and evaluation of a polynomial series. This elimi- 
nates the need for a subroutine for x < 1 and another for x > 1. The subroutine 
has stored a table of arguments and their corresponding angles (see table 1). 
The ?able look-upll part consists of obtaining the nearest stored angle whose 
argument, x is smaller in magnitude than the given argument. The subroutine 
then evaluates the argument of the angle subtended between the nearest table 
angle and the desired angle. The resulting argument is sent through a Iftable 
look-up1' until the generated argument becomes smaller than the smallest non- 
zero argument in the table. The final generated argument is then inserted in 
the polynomial series. The value of the arc  tangent is the sum of the values 
obtained by the 9able look-upft process and by the polynomial series. 

Example 

Compute B = Arctan x given tan 8 ,  x = 1.7320508 

1. The closest value to x in the stored table (see table 1) is 

x = 1.000 givinga el  = .7853 . . . radians. 

t a n a - t a n p  
1+ tana* tanp  2.  Now from the relationship tan (a-p) = 

1.732058 -1 
1 + 1.7320508 = .26794919 one has tan (e -  19,) = 

so x 1  = .267949 . . . 
3. Repeat step 1 using x to find 8 = .24497 . . . 
4. Repeat step 2 to find x2 = .01684 . . . 

Now x2 is smaller than any non-zero table entry so x2 is inserted in 

the polynomial series to yield .01682 . . . = 0 3 .  

8 thenis equal to 81 + 8 2  + 8, = 1.04719 . . . . 5 .  
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Table 1 

Tan@, x e*, Arc tan x 

1 .78539816 . . , 
.725 .62730819227 . . . 
.5 .463647609 . . . 
1/3 .321750554397 . . . 
.25 .244978663 . . . 
.1 .099668652491 . . . 
0 0 

*Note that 16 figures will be required to obtain the desired accuracy. 

Polynomial Series 

x(co -x2 (c, -x2 (c2-x2 (c3 -x2 (c4-x2 (c, -c,x2) ) ) ) ) ) 

with 

The polynomial is "nested" to avoid the effects of multiplying by a power 
of x greater than 2 in any one operation. 

This method has been found to be accurate in a subroutine using up to 20 
significant figures in increments of 4 significant figures and for a range of - 25.2 radians, i. e . ,  the approximate equivalent of 4 complete cycles. 
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